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Dynamic Responses of Smart Composites Using a Coupled
Thermo–Piezoelectric–Mechanical Model

Xu Zhou,¤ Aditi Chattopadhyay,† and Haozhong Gu‡

Arizona State University, Tempe, Arizona 85287-6106

A completely coupled thermo–piezoelectric–mechanical theory is developed to model the dynamic response of
compositeplateswith surface-bonded piezoelectric actuators.A higher-order laminatetheory is used to describe the
displacement � elds of both composite laminateand piezoelectric actuator layers to accurately model the transverse
shear deformation, which is signi� cant in moderately thick constructions. A higher-order temperature � eld is used
to accurately describe the temperature distribution through the thickness of composite plates. A � nite element
model is developed to implement the theory. Thermal and piezoelectric loads are considered. The results obtained
using this coupled theory are compared with those obtained using an uncoupled theory. Numerical results indicate
that the thermo–piezoelectric–mechanical coupling has signi� cant effect on the dynamic response of composite
plates. Furthermore, coupling also affects the control authority of piezoelectric actuators.

Nomenclature
B = dielectric permittivity matrix
Bm , Bn , Bp , = operator matrices
Bu , Bh , B u

bi j = dielectric permittivity, i, j = 1, 2, 3
Cuu , Ch u , = damping matrices
Ch h , Ch u

cE = heat capacity
ci jkl = elastic constants, i, j, k, l =1, 2, 3
D = electric displacementvector
Di = components of electric displacement vector,

i =1, 2, 3
d = matrix of thermal–piezoelectric coupling

constants
di = thermal–piezoelectric coupling constants,

i =1, 2, 3
E = electric � eld vector
Ei = components of the electric � eld vector,

i =1, 2, 3
ei jk = piezoelectric constants, i, j, k =1, 2, 3
F = free energy
Fu , Fuh , Fh , = force vectors
Fh h , F u , F u h

H = plate thickness including piezoelectric
layers

h = plate thickness without piezoelectric layers
hT = thickness of single piezoelectric actuator
hv = thermal convection coef� cient
Kuu , Ku h , Ku u , Kh h , = stiffness matrices
K u u , K u h , K u u

k = matrix of thermal–mechanical
coupling constants

ki j = thermal–mechanical coupling constants,
i, j = 1, 2, 3

Lm , Ln , Lp , = operator matrices
Lu , Lh , L u
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M = structural mass matrix
Nu , Nh , N u = interpolationmatrices for displacement,

electrical, and temperature � elds,
respectively

P = matrix of piezoelectric constants
Q = elastic matrix
qe = charge density
qt = heat � ux
S = entropy density
T0 = initial temperature
T1 = environment temperature
t = traction vector
ti = components of traction vector, i = 1, 2, 3
u i = displacement components, i =1, 2, 3
uu , uh , u u = � eld vectors of displacement, electric

potential, and temperature, respectively
ue

u , ue
h , ue

u = vectors of displacement, electric potential,
and temperature, respectively, containing
variables at the element nodes

a T = material constant, cE / T0

c = material damping constant
e i j = components of strain tensor, i, j = 1, 2, 3
h = temperature rise from initial temperature T0

j i j = thermal conductivity, i, j =1, 2, 3
p u , p h , p u = energy functionals for mechanical,

electrical, and thermal � elds, respectively
q = mass density
r i j = components of stress tensor, i, j = 1, 2, 3
u = electric potential

Superscripts

T = transpose
¢ = � rst derivative with respect to time
¢ ¢ = second derivative with respect to time

Subscript

i = � rst derivative with respect to coordinate xi

Introduction

T HE development of smart composites offers great potential
for advanced aerospace structural applications. Piezoelectric

materials are employed as both actuators and sensors in the de-
velopment of these structures by taking advantage of direct and
converse piezoelectric effects. Active control using piezoelectric
materials has been traditionallystudied based on classical laminate
theory(CLT), which ignoresthe transversesheareffects.1,2 A re� ned
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hybridplate theory that combines the layerwise theoryand an equiv-
alent single-layer theory (ESL) along with linear piezoelectricity
was developed3 to model smart compositelaminates.A higher-order
theory that proved computationallymore ef� cient and was capable
of accurately capturing the transverse shear effects, for both thin
and moderately thick laminates, was developed by Chattopadhyay
and Gu.4 In the analysis of smart structures, the coupling issues as-
sociated with thermal, piezoelectric, and mechanical � elds play an
important role. However, these issues are ignored in most applica-
tions. In most of the work, one-way coupling that only considers
the effect of a known � eld on another � eld is used. The biway
coupling between piezoelectricand mechanical � elds was included
in the hybrid plate theory developed by Mitchell and Reddy.3 The
thermal effect was studied by Mindlin5 and Mukherjee and Sinha.6

Following their work, the piezothermoelasticbehavior of compos-
ite plates was addressed by Tauchert7 using CLT and by Lee and
Saravanos8,9 using layerwise theory. In Refs. 5–9, a known thermal
� eld was used to study the effect on mechanical and piezoelectric
� elds. The interactions between thermal and mechanical � elds as
well as thermal and piezoelectric � elds were ignored. Recently, a
coupled thermo–piezoelectric–mechanical (T–P–M) model was de-
veloped by Chattopadhyayet al.10,11 to address the biway coupling
issues associated with smart composites under thermal loads. In
Ref. 10, a linear temperature � eld was used and only quasi-staticre-
sponseswere presented.This was followed by the developmentof a
higher-order temperature � eld to accurately model the temperature
distribution through laminates of moderately thick constructions.11

The objective of the present paper is to further extend the coupled
theoryto modelthedynamicresponseof smart compositeplatessub-
jected to thermal, piezoelectric, and mechanical loads. The higher-
order displacement theory is used to describe the displacement� eld
to account for properly the transverse shear stresses that are impor-
tant in composites. The developed theory is, therefore, applicable
to both thin and moderately thick constructions. The higher-order
temperature� eld is used to accuratelydescribe the temperature� eld
while satisfying the thermal boundary conditions. The governing
equations are derived by applying the principle of free energy and
variational principles. The procedure is implemented using the � -
nite element method. Numerical results are presented to investigate
the differencesbetween the coupled T–P–M model and the conven-
tional one-way coupled model. The effect of these two models on
control authority is also studied.

Mathematical Formulation
For the plate shown in Fig. 1, the total free energy of the structure

can be written as

F( e i j , Ei , h ) = 1
2
ci j kl e i j e kl ¡ ei j k Ei e j k

¡ 1
2
bi j Ei E j ¡ ki j h e i j ¡ di Ei h ¡ 1

2
aT h 2 (1)

where e i j are the components of the strain tensor, Ei are the compo-
nents of the electric � eld vector, and h is the temperature rise from
the initial temperature T0 . The quantities ci jkl and ei jk represent
elastic and piezoelectricconstants, respectively,and bi j is dielectric

Fig. 1 Geometry and � nite element model of composite laminate.

permittivity. The quantities ki j and di refer to thermal–mechanical
and thermal–piezoelectric coupling constants, respectively, and aT

is de� ned as cE / T0, where cE is heat capacity. Only piezoelectric
materialwith linearconstitutiverelationsis consideredin the present
work. This implies constantmaterial coef� cients.Consequently,the
constitutive relations are as follows:

r i j =
@F

@e i j
= ci jkl e kl ¡ ei jk Ek ¡ ki j h (2)

Di = ¡
@F

@E i
= ei j k e j k + bi j E j + di h (3)

S = ¡
@F

@h
= ki j e i j + di Ei + aT h (4)

where r i j and Di are the components of the stress tensor and the
electric displacementvector, respectively,and S is entropy density.
In vector form, they are

¾ = Q" ¡ PE ¡ kh (5)

D = PT " + BE + dh (6)

S = kT " + dT E + a T h (7)

where ¾ and D are the stress vector and the electric displacement
vector, respectively,and " and E are the strainvectorand the electric
� eld vector, respectively.The matrices Q and B denote elastic con-
stantsanddielectricpermittivity,respectively.The matricesP, k, and
d denotepiezoelectricconstants,thermal–mechanicalcouplingcon-
stants, and thermal–piezoelectric coupling constants, respectively.
These material constants and matrices represent energy-delivering
ability from one � eld to another � eld. Typically, larger value of
piezoelectric constants are desirable from the standpoint of pro-
ducing better actuation capability and sensitivity, whereas smaller
values of thermal–mechanical coupling and thermal–piezoelectric
coupling constants are desirable for better thermal stability.

Based on linear piezoelectricity, E i is derivable from a scalar
potential function u as follows:

Ei = ¡ u ,i , i = 1, 2, 3 (8)

The governing equations are now derived using variational princi-
ples as follows:

d p u = ¡
t0

0 V

( q üi d u i + c Çu i d ui + r i j d e i j ) dV dt

+
t0

0 S

ti d ui dS dt = 0 (9)
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d p u = ¡
t0

0 V

Di d u ,i dV dt +
t0

0 S

qe d u dS dt = 0 (10)

d p h =
t0

0 V

( j i j h , i d h , j + ÇST0 d h ) dV dt

+
t0

0 S

qt d h dS dt = 0 (11)

where p u , p u , and p h denote the energy functionals of mechanical,
electrical, and thermal � elds, respectively. The qualities q , c , and
j i j denote mass density, material damping constant, and material
thermal conductivity, respectively. ÇS denotes the time derivative
of S, ti represents the components of the traction vector, and qe

represents the charge density. The quantity qt represents a speci� c
heat � ux or a convective heat � ux de� ned as follows:

qt = hv (h + T0 ¡ T1 ) (12)

In Eq. (12), hv is thermal convectioncoef� cient, and T0 and T1 are
the initial temperature and environment temperature, respectively.

The displacement � eld is modeled using the higher-order theory
that incorporatesthe transverseshear effects.The form is dictatedby
the satisfaction of the conditions that the transverse shear stresses
vanish on plate surfaces and are nonzero elsewhere. The higher-
order displacement � eld is written as follows4,10:

u1(x , y, z, t) = u0(x , y, t ) ¡ z
@w0(x , y, t )

@x
+ g(z) w x (x , y, t )

(13)

u2(x , y, z, t ) = v0(x , y, t ) ¡ z
@w0(x, y, t)

@y
+ g(z) w y(x , y, t )

(14)

u3(x, y, z, t ) = w0(x , y, t) (15)

with

g(z) = z ¡ (4/3H 2)z3 (16)

In Eqs. (13–15), u0, v0 , and w0 are the displacements of a point
in the midplane of the laminate, w x and w y are the rotations of a
transverse normal at z =0 about the y and the ¡ x axes, respec-
tively, and H indicates the total thickness of the plate including the
piezoelectric layers (Fig. 1).

The potential function u is assumed to be linear along z axis in
each piezoelectric layer:

u (x , y, z, t ) = u 0(x , y, t ) + z u 1(x , y, t ) (17)

where the functions u 0(x , y, t ) and u 1(x , y, t ) de� ne the in-plane
electric potential variations.

Based on the higher-order temperature theory,11 the temperature
� eld h is assumed as a cubic function of the thicknessof the plate z:

h (x , y, z, t ) = f (z) + p1(z)h 0(x , y, t ) + p2(z)h 1(x , y, t ) (18)

where the functions h 0(x , y, t ) and h 1(x, y, t) de� ne the in-plane
temperature variations.The cubic functions f (z), p1(z), and p2(z)
denote the temperature variations through the plate thickness. De-
tailed de� nitions of f (z), p1(z), and p2(z) are presented in Ap-
pendix A. Compared to the linear temperature � eld assumption,
generallyused in plate problems to de� ne the temperature variation
through the plate thickness, the cubic functions in Eq. (18) can sat-
isfy thermal boundary conditions on the plate surfaces and model
the temperature � eld through the plate thickness accurately.

When we use Eqs. (13–15), the strain vector " and the displace-
ment vector u can be written as follows:

" =

e 1

e 2

e 4

e 5

e 6

=

@u1

@x
@u2

@y
@u2

@z
+

@u3

@y
@u1

@z
+

@u3

@x
@u1

@y
+

@u2

@x

=

@

@x
0 ¡ z

@2

@x2
g(z)

@

@x
0

0
@

@y
¡ z

@2

@y2
0 g(z)

@

@y

0 0 0 0
d
dz

g(z)

0 0 0
d
dz

g(z) 0

@

@y

@

@x
¡ 2z

@2

@x @y
g(z)

@

@y
g(z)

@

@x

u0

v0

w0

w x

w y

= Luuu (19)

u =

u1

u2

u3

=

1 0 ¡ z
@

@x
g(z) 0

0 1 ¡ z
@

@y
0 g(z)

0 0 1 0 0

u0

v0

w0

w x

w y

= Lmuu

(20)
with

uu = Nu (x , y)ue
u (21)

where uu is a displacement � eld vector, ue
u is a vector containing

the displacement variables at element nodes, and Nu(x , y) is an
interpolation matrix. The strain and the displacement vectors now
take the following form:

" = Buue
u (22)

u = Bm ue
u (23)

where

Bu = LuNu(x , y) (24)

Bm = Lm Nu(x , y) (25)

The expressions for the electric � eld vector E and the potential
function u can be written as follows:

E = ¡

@u

@x
@u

@y
@u

@z

= ¡

@

@x
z

@

@x
@

@y
z

@

@y
0 1

u 0

u 1
= L u uu (26)

u = [1 z]
u 0

u 1
= Lnuu (27)

with

u u = N u (x , y)ue
u (28)

where u u is an electric potential vector, ue
u represents the potential

variables at element nodes, and N u (x , y) is an interpolationmatrix.
The electric � eld vector and the potential function now take the
following form:

E = B u ue
u (29)

u = Bnue
u (30)
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where

B u = L u N u (x , y) (31)

Bn = LnN u (x , y) (32)

The expressions for the temperature � eld h and its gradient
h ,i , i =1, 2, 3, can be written as follows:

h = f (z) + [p1(z) p2(z)]
h 0

h 1
= f (z) + Lh uh (33)

h ,i =

@h

@x
@h

@y
@h

@z

=

0

0
d

dz
f (z)

+

p1(z)
@

@x
p2(z)

@

@x

p1(z)
@

@y
p2(z)

@

@y
d

dz
p1(z)

d

dz
p2(z)

h 0

h 1
=

0

0
d

dz
f (z)

+ Lpuh (34)

with

uh = Nh (x , y)ue
h (35)

where uh is a temperature � eld vector, ue
h is a vector containing the

nodal values, and Nh (x, y) is an interpolation matrix. The temper-
ature � eld and its gradient now take the following form:

h = f (z) + Bh ue
h (36)

h ,i = 0 0
d

dz
f (z)

T

+ Bpue
h (37)

where

Bh = Lh Nh (x , y) (38)

Bp = LpNh (x , y) (39)

The use of Eqs. (2–4), (22), (23), (29), (30), (36), and (37) in
Eqs. (9–11) and integration with respect to volume V yields the
following:

d p u = d ueT

u

t0

0

¡ Müe
u ¡ Cuu Çue

u ¡ Kuuue
u ¡ Ku u ue

u

¡ Ku h ue
h + Fuh + Fu dt (40)

d p u = d ueT

u

t0

0

¡ K u uue
u ¡ K u u ue

u ¡ K u h ue
h + F u h + F u dt

(41)

d p h = d ueT

h

t0

0

¡ Ch u Çue
u ¡ Ch u Çue

u ¡ Ch h Çue
u

¡ Kh h ue
u + Fh h + Fh dt (42)

When we substituteEqs. (40–42) into Eqs. (9–11), the � nite ele-
ment governing equations of the completely coupled (T–P–M) the-
ory, based on the higher-order displacement � eld and the higher-
order temperature � eld, are obtained and are written in matrix form
as follows:

M 0 0

0 0 0

0 0 0

üe
u

üe
u

üe
h

+
Cuu 0 0

0 0 0

Ch u Ch u Ch h

Çue
u

Çue
u

Çue
h

+
Kuu Ku u Ku h

K u u K u u K u h

0 0 Kh h

ue
u

ue
u

ue
h

=

Fu + Fu h

F u + F u h

Fh + Fh h

(43)

where M is the structural mass matrix. The matrices Ch u and
Ch u are damping matrices due to thermal–mechanical coupling
(piezocaloric) and thermal–electrical coupling (electrocaloric), re-
spectively. The existence of these matrices in the governing equa-
tions leads to dissipation of thermal energy generated from me-
chanical and piezoelectric � elds. The matrices Cuu and Ch h are
structuraldampingmatrix and dampingmatrix representingthermal
energy diffusion, respectively. The presence of all of these damp-
ing terms in� uences the dynamic response decay. The matrices Ku u

and K u u are stiffnessmatrices due to piezoelectric–mechanical cou-
pling (converse piezoelectric and piezoelectric). Their presence al-
lows piezoelectricmaterials to producemechanical actuationforces
under input voltages or electrical signals under mechanical defor-
mations. The matrices Kuh and K u h are stiffness matrices due to
thermal–mechanicalcoupling(pyrostriction) and thermal–electrical
coupling (pyroelectric), respectively. Note that the thermal energy
generated from mechanical and piezoelectric � elds dissipates as
damping (Ch u and Ch u ), whereas the mechanical and electrical en-
ergies generated from thermal � eld are retained as system stiffness.
The matrices Kuu , K u u , and Kh h are stiffnessmatrices resulting from
mechanical,electrical,and thermal� elds, respectively.The stiffness
coupling effects can in� uence the equilibrium position if a steady
state exists. The vectors Fu , F u , and Fh are force vectors due to me-
chanical, electrical, and thermal � elds, respectively,and the vectors
Fu h , F u h , and Fh h result from the higher-order temperature � eld.
The exact de� nitions of these matrices [Eq. (43)] are presented in
Appendix B.

Results and Discussion
In most reported work, only the standard (“uncoupled”) model,

with one-way couplingbetween mechanical, electrical, and thermal
� elds, is considered.The uncoupledmodel neglectscouplingeffects
on both equilibrium position (steady state) and energy dissipation
due to damping. For example, in the analysis of piezoelectricactua-
tors under thermal loads, using the uncoupledmodel, only converse
piezoelectricand pyrostrictioneffects are considered.Piezoelectric,
pyroelectric, piezocaloric, and electrocaloric effects are neglected.
To illustrate the importance of including these effects, comparisons
of the completely coupled T–P–M model are made with the uncou-
pled model for piezoelectric actuators.

In thenumericalanalysis,a rectangular� ber-reinforcedlaminated
composite plate with surface-bondedpiezoelectric actuators, at the
center of top and bottomsurfacesof the plate, is considered(Fig. 1).
The plate is � xed at one end, and the remaining edges are free.
The plate dimensions are such that length a =0.3048 m and width
b =0.1524 m. Results are presented for two different plate thick-
nesses, h = 0.003048 m (a / h =100, thin plate) and h = 0.01524 m
(a / h =20, thick plate). The stackingsequence is [0/ 90/ 0/ 90 deg]s .
The piezoelectric actuator is of length aT = 0.4a, width bT =0.5b,
and thickness hT =0.25h. The material constants for the composite
and the piezoelectricmaterial are listed in Table 1. The tip position
of the structuredenotespoint A in Fig. 1. A four-nodeplate element
is used to discretize the plate structure (Fig. 1). To fully understand
the coupling issues, it is necessary to evaluate the impact of the
various couplingmatrices [Eq. (43)]. Therefore, in-depthnumerical
studies are conducted to understand their physical signi� cance.

Damping due to Piezocaloric and Electrocaloric Effects
The analysis of energy dissipation caused by the presence of

additionaldamping [C h u and C h u , Eq. (43)], due to piezocaloricand
electrocaloriccouplingeffects in the T–P–M model, is performedby
solving the eigenvalue problem of Eq. (43). The damping matrices
C h u and C h u , although directly related to the thermal equilibrium
equation,can be consideredequivalentto structuraldamping.This is
because the coupling relationship between thermal and mechanical
� elds allows this effect to be captured in the differenteigenmodesof
the mechanical response. The variation of the equivalent structural
dampingwith referencetemperatureT0 is presentedfor the thin plate
in Fig. 2. It can be observedthat the equivalentstructuraldamping is
small (10 ¡ 7 –10 ¡ 6 ) compared to general structural damping (10 ¡ 3 –

10 ¡ 2). Also, the damping is linearly proportional to the reference
temperature T0, which is in agreement with the variations of C h u
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Table 1 Material properties of piezoelectric
and graphite/epoxy composite

Parameter Piezoelectric Graphite/epoxy

Elastic moduli, GPa
E11 63 144.23
E22 63 9.65
E33 63 9.65

Shear moduli, GPa
G23 24.6 3.45
G13 24.6 4.14
G12 24.6 4.14

Poisson’s ratio
m 0.28 0.3

Coef� cients of thermal
expansion, l m/m¢ ±C
a 11 0.9 1.1
a 22 0.9 25.2

Density, kg/m3

q 7600 1389.23
Piezoelectric charge constant, pm/V

e31 = e32 250 ——
Electric permittivity, nF/m

b11 = b22 15.3 ——
b33 15.0 ——

Pyroelectric constant, l C/m2 ¢ ±C
d3 20 ——

Thermal conductivity, W/m ¢ ±C
j 11 2.1 4.48
j 22 2.1 3.21

Heat capacity, J/kg±C
cE 420 1409

Thermal convection coef� cient, W/m2 ¢ ±C
hv 20.0 20.0

Curie temperature, ±C
Tc 365 ——

Fig. 2 Equivalent struc-
tural damping: T–P–M
model, a/h = 100.

and C h u with T0 [Eqs. (B10) and (B11)]. Therefore, the damping
effects due to piezocaloricand electrocaloriccouplings in the T–P–

M model should be evaluated based on the reference temperature,
thermal–mechanical, and thermal–piezoelectric coupling constants
of the piezoelectricmaterial used.

Piezoelectric Actuation Effects and Parametric Studies
A comparison of piezoelectricactuationeffects using the T–P–M

model and the uncoupledmodel is performed.The same plate struc-
ture without thermal and mechanical loading is considered. Both
top and bottom actuators are subjected to a step voltage load of the
same magnitude but opposite directions, making out-of-plane de-
formation dominant. In this case, the T–P–M model for actuators
represents biway mechanical–piezoelectric coupling (piezoelectric
and converse piezoelectric effects), whereas the uncoupled model
represents only one-way mechanical–piezoelectric coupling (con-
verse piezoelectric effect). The steady-state tip de� ections for the
thin plate (a / h = 100), under varying piezoelectric actuation, are
presented in Fig. 3. It can be seen that the equilibrium de� ection
of tip position is directly proportional to the magnitude of the ex-
ternal voltage. The T–P–M model predicts a smaller deformation
compared to the uncoupled model. This is because more transfor-

Fig. 3 Variation in tip de� ections and NRD with piezoelectric actua-
tion: a/h = 100.

Fig. 4 De� ections along
plate length with piezo-
electric actuation:50 V, a/h =
100.

mation of mechanical energy into thermal and electric energies due
to the biway coupling effect is considered in the T–P–M model. To
illustrate the differencesclearly, the ratio of the difference between
the de� ections obtained using the two models to the de� ection ob-
tained using the uncoupled model, de� ned as NRD (normalized
relative difference), is also plotted in Fig. 3 sharing the same axis
with tip de� ection. The value of NRD is about 21% with the un-
coupled model overpredicting the displacement. The magnitude of
NRD remains almost insensitive to input voltage because the de-
� ections vary proportionately with the magnitude of the external
voltages in both models. The steady-state de� ections along plate
length (line X1, Fig. 1) due to a piezoelectric actuation of 50 V are
presented in Fig. 4. The dynamic tip responses due to a step piezo-
electric actuation of 50 V are presented in Fig. 5. From Figs. 4 and
5, a smaller steady-state (static) de� ection and a smaller amplitude
of vibration are observed in the T–P–M model due to the presence
of coupling.

A similar investigation is performed with the thick plate
(a / h =20).Figure6 presentsthe steady-statede� ectionsalongplate
length (line X1, Fig. 1) due to the piezoelectric actuation of 50 V,
and Fig. 7 presents the corresponding comparison of the dynamic
tip responses. Much smaller de� ections and vibration amplitudes
are observed with both the T–P–M model and the uncoupledmodel
compared to the thin plate case due to larger structural stiffness.
However, the NRD in tip de� ection, between the two models, is still
signi� cant (about 21%). Note that in this case a thicker piezoelec-
tric actuator is used becausethe actuator thicknesshT =0.25h. This
implies that the thickness ratio of actuator to plate, in both the thin
and the thick plate cases, is maintained the same, which causes the
NRD to remain unchanged between the two cases.

Figure 8 presents results of the parametric studies for the thin
plate. Figure 8a illustrates the variation of NRD in equilibrium de-
� ection of tip position with changes in plate length-to-width ratio
a /b with a step piezoelectric actuation of 50 V. A small length-
to-width ratio implies a greater effect of mechanical boundary
constraints because the plate is � xed along the width. The devia-
tion is expected to increase with an increase in the value of a / b.
However, the volume ratio of actuator to host plate is a parameter
that has more in� uence on the mechanical–piezoelectric coupling
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Fig. 5 Dynamic tip responses with step piezoelectric actuation: 50 V,
a/h = 100.

Fig. 6 De� ections along plate length with piezoelectric actuation:
50 V, a/h = 20.

Fig. 7 Dynamic tip responses with step piezoelectric actuation: 50 V
a/h = 20.

a)

b)

c)

Fig. 8 Variation in NRD with structure geometry with piezoelectic
actuation: 50 V.

effect for a given structure. In this case, because the actuatordimen-
sions are proportional to plate dimensions, the volume ratio does
not vary with a /b. Therefore, the deviation between the two mod-
els increases only slightly with an increase in the length-to-width
ratio. Figure 8b illustrates the variation of NRD in the equilibrium
de� ection of tip position with changes in the surface-area ratio of
bonded actuator to host plate sT / s while the thicknesses are held
� xed. The variation in surface-area ratio is realizedby changing the
actuator length.The plate dimensionsand the actuatorwidth remain
unchanged,and the actuatorcenter coincideswith the plate center. It
is observedthat the NRD, between the two models, shows very little
variationwith surface-arearatio. This is because in this case, the ac-
tuator strain depends on the stiffness ratio of actuator to plate. With
increased actuator area, the changes in the average strain within the
actuator that lead to the couplingeffectsare insigni� cant.Therefore,
only slight variation is observed with changes in surface-area ratio.
Figure 8c illustrates the variation of NRD in equilibrium de� ection
of tip position with changes in thickness ratio of actuator to plate
2hT / h while length and width of the plate and the actuators are
held � xed. An increase in 2hT / h implies that there is more electric
energy generated from the mechanical � eld that can be stored in
piezoelectric actuators. Therefore, the coupling effects are stronger
and the NRD increases rapidly.

Thermal Actuation Effects and Parametric Studies
Numerical analysiswith only thermal excitationsis performed to

investigate thermal coupling effects. The same plate con� guration
is used. A uniform step heat � ux is applied on the top surface of
the plate, and the structure is insulated at the bottom. All four sides
are maintained at room temperature (20±C). Thermal steady state is
achievedwhen there is an equilibriumbetween the in� ow of surface
heat � ux and heat out� ow through the four sides of the plate. Note
that although there is no external voltage, all coupling effects be-
tween thermal, piezoelectric,and mechanical � elds are still present
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in the T–P–M model. Only the couplingeffects of pyrostrictionand
converse piezoelectric effect are present in the uncoupled model.
Results for the thin plate (a / h = 100) are presented in Figs. 9–11.
The steady-statetip de� ectionsand theNRD with differentspeci� ed
heat � uxes on the top surface are presented in Fig. 9. The steady-
state de� ections along plate length (line X1, Fig. 1) with a heat � ux
qt = 3000 W/m2 applied on the top surface are presented in Fig. 10.
The couplingeffects in the T–P–M model result in a smaller steady-
state de� ection compared to the uncoupled model. A deviation of
about 5% is observed in the value of the tip de� ection, which is
much smaller compared to the case with only piezoelectric actua-
tion (21%,Fig. 3). This is becausepyrostriction,the principalsource
of thermally induced deformation, is consideredin both the T–P–M
and the uncoupled models. The difference in equilibrium position
between the two models is due to the piezoelectric effect of a ther-
mally induced electrical � eld, which is neglected in the uncoupled
model. Therefore, the NRD in this case is smaller compared to the
piezoelectric actuation case, where the deviation is directly driven

Fig. 9 Variation in tip de� ections and NRD with surface heat � ux:
a/h = 100.

Fig. 10 De� ections along plate length with surface heat � ux: qt =
3000 W/m2 , a/h = 100.

Fig. 11 Dynamic tip responses with step surface heat � ux: qt = 3000
W/m2 , a/h = 100.

by the piezoelectriceffect of actuation. Figure 11 presents the time
historyof the tipdisplacementuntil steadystate is reached.A smaller
steady-state tip de� ection is observed with the T–P–M model. Be-
cause the damping effect due to Ch u and Ch u [Eq. (43)], considered
only in the T–P–M model, is small, no signi� cant differencebetween
the two models is observed in the dynamic response decay. In both
cases, steadystate is achieved in about3 s. Results for the thick plate
(a / h =20) are presented in Figs. 12 and 13. Figure 12 presents the
steady-statede� ections along the plate length (line X1, Fig. 1) with
a heat � ux qt =3000 W/m2 applied on the top surface. Once again,
the coupling effect introduces an additional 5% reduction in tip de-
� ection (NRD) comparedto the uncoupledcase. The de� ections are
comparable to those obtained in the case of the thin plate under the
same heat � ux. This is becauseunlike the case of deformationdue to
a mechanical force, thermally induced plate deformation primarily
depends on the average temperature slope through the thickness,
which is almost the same for the thin and the thick plates in this
example. Figure 13 presents the time history of tip displacement
until steady state is achieved. Vibrations reduce in less than 1 s due
to higher frequencies of the thick plate. However, the temperature
distribution and the induced deformation require a much longer
time (more than 50 s) to reach steady state. A signi� cant reduction
(5% NRD) in steady-statede� ection is also observedwhen coupling
effects are included. These results (Figs. 9–13) clearly demonstrate
the importance of including the T–P–M coupling effects to model
the behavior of composite structures subjected to thermal loads.

The difference between the two models in the presence of ther-
mal actuation is investigated by varying the plate length-to-width
ratio (a / b). The plate dimensions are such that a =0.3048 m and
h = 0.003048 m (a / h =100). Once again, the volume ratio of ac-
tuator to plate does not vary with variation in a / b. Figure 14 illus-
trates that the steady-statede� ectionsshow a rapid increase initially
(0.5 ·a / b ·1.5). With a further increase in a /b, the de� ections
show very little variation. The trend is similar in both models. This
can also be explainedby the in� uence of mechanicalboundarycon-
straints decreasing with an increase in the length-to-width ratio.

Fig. 12 De� ections along plate length with surface heat � ux: qt =
3000 W/m2 , a/h = 20.

Fig. 13 Dynamic tip responses with step surface heat � ux: qt =
3000 W/m2 , a/h = 20.
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Therefore, the ratio a / b has a greater effect on steady-state de� ec-
tions comparedto the ratio a / h. It is also observed that the deviation
between the two models varies only slightlywith an increase in a / b.
This is because even in the pure thermal loading case, the deviation
between the two models is caused by a piezoelectric–mechanical
couplingeffectdue to a thermally inducedelectrical� eld in the actu-
ators, which is representedby pyroelectricand piezoelectriceffects
of actuators. Therefore, the volume ratio of actuator to host plate is
a governing factor in assessing thermal coupling effects. Thermal–
electrical couplingeffect cannot be neglected,particularlywhen the
volume ratio of actuator to host plate is large.

Dynamic Control
An important issue to be analyzed is the impact of modeling on

controlauthority.To investigatethis, the thin plate (a / h =100) with
self-sensing piezoelectric actuators, surface bonded to the top and
bottom surfaces, is considered. Rate feedback control is employed.
An initial velocity disturbance is used to excite the � rst bending
mode, which can be controlled by the actuators located at the cen-
ter of the plate. Figures 15 and 16 present the time histories of
tip displacement over the � rst four cycles with a gain value of 50
and 100, respectively.The results from both the T–P–M model and
the uncoupled model are presented with and without control. The
amplitudeof displacementis reducedwith control in both cases. Ini-
tially, very little difference between the two models is observed in

Fig. 14 Variation in tip de� ections with length-to-width ratio a/b: sur-
face heat � ux qt = 3000 W/m2.

Fig. 15 Dynamic tip responses with control: G = 50, a/h = 100.

Fig. 16 Dynamic tip responses with control: G = 100, a/h = 100.

Fig. 17 Comparison of
modal damping ratio with
control, T–P–M model to
uncoupled model: a/h = 100.

the displacement without control. With the application of control,
during the � rst cycle, smaller vibration amplitudes are predicted
by the uncoupled model compared to the T–P–M model (Figs. 15
and 16). In other words, the uncoupled theory overpredicts control
authority during the � rst cycle. Note that from the results shown
in Fig. 3, the de� ection using the uncoupled model due to exter-
nal piezoelectric actuation is larger compared to the T–P–M model
under the same actuation. This implies that if piezoelectric force
is used to control de� ection, the uncoupled theory overestimates
control authority. After the � rst cycle, this trend continues with a
gain value of 50 as shown in Fig. 15. However, the trend is reversed
(Fig. 16), that is, the coupled T–P–M model overestimates the con-
trol authority after the � rst cycle with a gain value of 100. This can
be explained as follows. Because rate feedback is used, the piezo-
electric force on the structure takes the form of structural damping,
instead of a force vector. Contrary to the case studied in Fig. 3,
piezoelectric control force does not in� uence equilibrium position,
but rather vibration decay. Control authority is determined by the
electrical signal received by actuators and the mechanical force due
to the signal. For the two cases with different gain values, during
the � rst cycle, the uncoupled theory produces smaller displacement
because it has a greater ability to correct de� ection with a certain
piezoelectric actuation. However, this also implies that the actua-
tors receive smaller electrical signals due to smaller displacement
in the uncoupled model, which weakens its control ability. The re-
sult of combining these two opposite effects is determined by gain
value. For the uncoupled model, if gain value is small, the effect
of strengthening control authority is dominant and the uncoupled
theory overestimatescontrol authority. If gain value is large, the ef-
fect of weakening control authority is dominant and the uncoupled
theory underestimatescontrolauthority.Figure 17 presents the ratio
of equivalent modal structural damping due to control between the
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T–P–M model and the uncoupled model. For gain values of 50 and
100, the damping in the T–P–M model is 0.786 and 1.378 times
that obtained using the uncoupled model, respectively. Therefore,
the uncoupled theory overestimatescontrol authority for small gain
value and underestimates control authority for large gain value.

Conclusions
A completely coupled T–P–M theory, based on the higher-order

displacement � eld and the higher-order temperature � eld, is devel-
oped to study dynamic responses of smart composite plates. The
theory is implemented using a � nite element technique that ensures
the applicationof practicalgeometry and boundary conditions.Nu-
merical results are presented for a cantilever composite plate with
piezoelectricactuators.The plate is subjected to thermal, piezoelec-
tric, and mechanical loads. The impact of various coupling effects
is investigated in detail. The following important observations are
made from this study:

1) The developedapproachprovidesa means to accuratelymodel
the dynamic behavior of composite plates with piezoelectricactua-
tors.

2) In open-loopconditions,couplingeffectsdecreaseboth steady-
state de� ection and vibration amplitude due to the interaction be-
tween thermal, piezoelectric,and mechanical � elds.

3) In closed-loop control, the uncoupled model, which neglects
the couplingeffects,overestimatescontrol authoritywith a low gain
value and underestimates control authority with a high gain value.

4) For surface-bondedactuators, the differencesbetween the two
theories are affected by the geometry of the actuators and the host
structure. A critical parameter is the thickness ratio of actuator to
plate. An increase in this ratio leads to rapid growth in the deviation
between the two theories.

Appendix A: Functions in Higher-Order
Temperature Assumption

The functions in Eq. (18) are de� ned as follows:

f (z) = z2(a1 + a2z) (A1)

p1(z) = 1 + b1z2 + b2z3 (A2)

p2(z) = z 1 + c1z + c2z2 (A3)

where

a1 = ¡ a b
hv

j 33
(T0 ¡ T1 ) + (1 ¡ a b)

qb

j 33
A12

¡ a t
hv

j 33
(T0 ¡ T1 ) + (1 ¡ a b)

qs

j 33
A22 ( A11 A22

+ A12 A21) (A4)

a2 = a b
hv

j 33
(T0 ¡ T1 ) ¡ (1 ¡ a b)

qb

j 33
A11

¡ a t
hv

j 33
(T0 ¡ T1 ) + (1 ¡ a t )

qs

j 33
A21 ( A11 A22

+ A12 A21) (A5)

b1 = ¡
hv

j 33

a t A22 + a b A12

A11 A22 + A12 A21

(A6)

b2 =
hv

j 33

a b A11 ¡ a t A21

A11 A22 + A12 A21

(A7)

c1 = 1 + a b
hv

j 33

H

2
A12 ¡ 1 + a t

hv

j 33

H

2
A22 ( A11 A22

+ A12 A21) (A8)

c2 = 1 + a t
hv

j 33

H

2
A21 + 1 + a b

hv

j 33

H

2
A11 (A11 A22

+ A12 A21) (A9)

A11 = a t (hv / j 33)(H 2 / 4) + H (A10)

A12 = a t (hv / j 33)(H 3 / 8) + (3H 2 / 4) (A11)

A21 = a b(hv / j 33)(H 2 /4) + H (A12)

A22 = a b(hv / j 33)(H 3 /8) + (3H 2 /4) (A13)

Here, j 33 denotes the thermal conductivity through the thickness
of the plate. If the top surface heat � ux qs is speci� ed, a t = 0. If
the bottom surface heat � ux qb is speci� ed, a b =0. The positive
direction of heat � uxes qs and qb is de� ned as the positive direction
of z axis. If no heat � ux is speci� ed on the top surface, a t =1. If no
heat � ux is speci� ed on the bottom surface, a b = 1.

Appendix B: Matrices and Vectors
in Governing Equation

Element matrices in Eq. (43) are de� ned as follows:

M =
V

BT
m q Bm dV (B1)

Cuu =
V

BT
m c Bm dV (B2)

Kuu =
V

BT
u QBu dV (B3)

Ku u = ¡
V

BT
u PBu dV (B4)

Ku h = ¡
V

BT
u kBh dV (B5)

K u u = KT
u u (B6)

K u u = ¡
V

BT
u BBu dV (B7)

K u h = ¡
V

BT
u dBh dV (B8)

Kh h = ¡
V

BT
p j Bp dV (B9)

Ch u = T0KT
uh (B10)

Ch u = T0KT
u h (B11)

Ch h = ¡ T0
V

BT
h aT Bh dV (B12)

Fu =
S

BT
m t dS (B13)

F u =
S

BT
n qe dS (B14)

Fh =
S

BT
h qt dS (B15)

Fu h =
V

BT
u k f (z) dV (B16)

F u h =
V

BT
u d f (z) dV (B17)
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Fh h =
V

BT
p j L f (z) dV (B18)

where

L =
@

@x
@

@y
@

@z

T
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